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Abstract
A pseudoclassical theory of Weyl particle in the space–time dimensions D = 2n is con-
structed. The canonical quantization of that pseudoclassical theory is carried out and it
results in the theory of the D = 2n dimensional Weyl particle in the Foldy–Wouthuysen
representation. A quantum mechanics of the neutral Weyl particle in even–dimensional
space–time is suggested and the connection of this theory with the theory of Mayorana–
Weyl particle in QFT is discussed for D = 10.
Yerevan Physics Institute
Yerevan 1995
∗ P.N.Lebedev Physical Institute, Moscow, Russia
† Partially supported by the grant 211-5291 YPI of the German Bundesministerium fu¨r Forschung
und Technologie.
1 Introduction
In spite of the bulk of the papers devoted to the theories of point particles and to methods
of their quantization, the problem still attracts the attention of the investigators and
numerous classical models of particles and superparticles were discussed recently. The
renewal of the interest to these theories is primarily due to the problems in the string
theory since particles are prototypes of the strings.
As it is known, the theory of RNS string with a GSO projection (see. [1]) is a
supersymmetric theory in ten dimensional space–time. The supersymmetry requires that
each mass level comprises a supermultiplete. In the massless sector the superpartners to
the gauge vector fields , which in D = 10 dimensions have eight degrees of freedom, are
massless fermions – Mayorana–Weyl bispinors. Hence it is interesting to construct the
classical (pseudoclassical) model, which after quantization will bring to the theory of the
Mayorana–Weyl bispinor in D = 10 dimensions.
The first pseudoclassical description of the relativistic spinning particle was given in
paper [2, 3]. It was followed by a great number of papers [4-23] devoted to the different
quantization schemes of that theory, to the introduction of the internal symmetries and
to the generalization to higher spins.
A pseudoclassical theory of Weyl particle in the space–time D = 4 was constructed
in[24]. In this paper the method suggested in [24] is generalized to the arbitrary even
dimensions D = 2n .This is realized in sect.2, where the canonical quantization of that
pseudoclassical theory is carried out and it results in the theory of the D = 2n dimen-
sional Weyl particle in the Foldy–Wouthuysen representation. A quantum mechanics of
the neutral Weyl particle in even–dimensional space–time is presented in sect.3 and the
relation of this theory to the theory of Mayorana–Weyl bispinor in QFT is discussed in
sect.4 in D = 10 dimensions.
1
2 D = 2n–dimensional Weyl particle
Consider a theory with the action given by the expression
S =
∫
dτ

 1
2e

x˙µ − i
2
χξµ − (−i)
D−2
2
(D − 2)!ε
µνλ1...λD−2bνξλ1 · · · ξλD−2 + α˜bµ


2
− i
2
ξµξ˙
µ

 , (1)
which is a generalization to the space-time dimension D = 2n of the pseudoclassical the-
ory of Weyl particle [24]. Here xµ are the coordinates of the particle, µ = 0, 1, . . . , D− 1;
ξµ are Grassmann variables describing the spin degrees of freedom; e, χ, bµ are additional
fields, α˜ is a constant; e, bµ, α˜ being grassmann even, χ- grassmann odd variables; the
overdote denotes a differentiation with respect to the parameter τ along the trajectory.
The action (1) is invariant under three types of gauge transformations: the repara-
metrization transformations
δxµ = ux˙µ, δe =
d
dτ
(ue), δbµ =
d
dτ
(ubµ),
δξµ = uξ˙µ, δχ =
d
dτ
(uχ) (2)
with the even parameter u(τ), supergauge transformations
δxµ = ivξµ, δe = ivχ, δbµ = 0, δξµ = v
zµ
e
, δχ = 2v˙,
zµ = x˙µ − i
2
χξµ − (−i)
D−2
2
(D − 2)!ε
µνλ1...λD−2bνξλ1 · · · ξλD−2 + α˜bµ (3)
with the odd parameter v(τ), and also under transformations [24]
δxµ =
(−i)D−22
(D − 2)!ε
µνλ1...λD−2ηνξλ1 · · · ξλD−2 − α˜ηµ,
δξµ =
1
e
(−i)D2
(D − 3)!ε
µνδλ2...λD−2ηνzδξλ2 · · · ξλD−2, (4)
δbµ =
d
dτ
(ηµ), δχ = −2ην(pνξσ − pσξν)bσδD4, δe = −2iηνξνξσbσδD4,
with the even parameter ην(τ).
Acting in the standard way [25, 26] we obtain the canonical hamiltonian of the theory,
which is given by the expression
H = x˙µpµ + ξ˙
µπµ − L =
2
=
e
2
p2 +
i
2
χpµξ
µ −

 (−i)D−22
(D − 2)!ε
νµλ1...λD−2pµξλ1 · · · ξλD−2 + α˜pν

 bν , (5)
primary constraints
Φ
(1)
1 = πe, Φ
(1)
2 = πχ, Φ
(1)
3µ = πµ −
i
2
ξµ, Φ
(1)
4µ = π
b
µ (6)
and the secondary constraints
Φ
(2)
1 = |p0| − ω, Φ(2)2 = pµξµ,
Φ
(2)
3µ = Tµ =
(−i)D−22
(D − 2)!εµνλ1...λD−2p
νξλ1 · · · ξλD−2 + α˜pµ, (7)
where ω = |~p|, ~p = (pk), k = 1, . . . , D− 1. One can see now, that the canonical hamilto-
nian H is equal to zero on the constraints surface, as it was expected to be.
The constraints F ≡ (Φ(1)1 , Φ(1)2 , Φ(1)4µ , Φ(2)1 ), Φ(2)3µ are first class. Apart from them
there is one more first class constraint ϕ, which is a linear combination of the constraints
Φ
(1)
(3µ), Φ
(2)
2 :
ϕ = pµΦ
(1)
3µ + iΦ
(2)
2 = pµπ
µ +
i
2
pµξ
µ. (8)
Adhering to the quantization method, when already at the classical level all gauge degrees
of freedom are fixed [17] , we must introduce into the theory additional constraints, equal
in number to that of all first class constraints and conjugated to the latter. However, as
it was noted in [24], the constraints Φ
(2)
3µ for D ≥ 4, are at least quadratic functions of the
variables ξλ, thus complicating the introduction of additional constraints conjugated to
Φ
(2)
3µ . For this reason, following [24], the constraints Φ
(2)
3µ after quantization will be used
as conditions on the state vectors. For the remaining first class F and ϕ constraints we
will introduce equal number of additional constraints ΦG in the form
ΦG1 = x0 − κτ, ΦG2 = χ, ΦG3 = e−
κ
p0
, ΦG4ν = bν , Φ
G
5 = ξ0, (9)
where κ = −signp0. The constraint x0−κτ ≈ 0 was introduced in [17] as one, conjugated
to the constraint |~p|−ω ≈ 0; κ = +1 corresponds to the particle sector in the theory, while
κ = −1 corresponds to the antiparticle sector. Now the constraints (6), (7) (except for
3
Φ
(2)
3µ ) and (9) constitute a system of second class constraints. To use the Dirac method of
quantization of the theories with second class constraints, we’ll pass to a set of constraints,
which do not depend on time explicitly. To go over to time independent set of constraints
we perform a canonical transformation from the variables xµ, pµ to variables x
µ′, p′µ,
defined by the relations
x′0 = x0 − κτ, xi′ = xi p′µ = pµ (10)
( corresponding generating function is given by W = xµp′µ − τκp′0 ). The constraint ΦG1
in terms of new variables takes the form x′0 ≈ 0; all other constraints remain unchanged.
The hamiltonian of the system on the constraint surface is given by the expression
H = ω = |~p|. (11)
To find the Dirac brackets for independent variables xi, pj, ξ
k of the theory we’ll make
use of the results of the paper [18], where the theory of D = 2n dimensional relativistic
spinning particle was considered. Note , that in comparison with the paper [18], the
system of second–class constraints in this theory contains new constraints Φ
(1)
4µ = π
b
µ ≈ 0,
ΦG4µ = bµ ≈ 0. However they have a special form [26] and they do not affect the final Dirac
brackets (the variables bµ and π
b
µ can be excluded from the theory using the constraints).
This allows to use immediately the results of [18], taken in the massless limit, to obtain
the following final Dirac brackets
{xi, xj}D = i
2ω2
[ξi, ξj]−, {xi, pj}D = δij , {pi, pj}D = 0,
{xi, ξj}D = 1
ω2
ξipj, {ξi, ξj}D = −i
(
δij − p
ipj
ω2
)
, {pi, ξj}D = 0. (12)
The quantization of the theory is carried out through the realization of the operators
xi, pˆi, ξ
i in the form [17, 18]:
xˆi = qˆi − ih¯
4ωˆ2
[
Σi, pˆkΣ
k
]
−
,
ξˆi =
(
h¯
2
)1/2
κˆ
[
Σi − 1
ωˆ2
pˆipˆjΣ
j
]
, pˆk = −i ∂
∂qk
, (13)
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where the operators qˆi (physical coordinate operators) are multiplication operators, the
variable κ is replaced by the operator κˆ
κˆ =

 I 0
0 −I

 = γ0 = τ 3 ⊗ I, κˆ2 = 1 (14)
with eigenvalues κ = ±1, the operators Σi = diag(σi, σi), σi are 2(D−2)/2 × 2(D−2)/2
matrices, which realize the Clifford algebra [σi, σj]+ = δ
ijI.
Now using the expressions (13) for ξˆi, we can find the expressions for the operators
Tˆµ, which correspond to the first class constraints Φ
(2)
3µ :
Tˆµ =
(
h¯
2
)(D−2)/2
pˆµTˆ , Tˆ = κˆ
pˆiΣi
ωˆ
− α, pˆ0 = −κˆωˆ, α =
(
h¯
2
)−(D−2)/2
α˜, (15)
To deduce these relations we used the equality ε01...(D−1) = −ε12...(D−1) = −1, and also
the relation
(−i)D−22
(D − 2)!ε
i
j1···jD−2
σj1 · · ·σjD−2 = σi (16)
from the σi–matrix algebra in (D − 1)–dimensional space [28].
The canonical generators of the Lorentz transformation
Jµν = −
(
xµpν − xνpµ + i
2
[ξµ, ξν]−
)
(17)
after quantization of the theory, in terms of operators of the physical variables, are given
by the expressions [18]
Jˆ ik = −qˆipˆk + qˆkpˆi − ih¯
4
[
Σi,Σk
]
−
,
Jˆ0k = −x0pˆk − 1
2
κˆ
[
qˆk, ωˆ
]
+
− ih¯
4ωˆ
κˆpˆj
[
Σk,Σj
]
−
. (18)
It’s not difficult to check that the Jˆµν operators commute with the operator Tˆ . Further-
more, introducing the projection operators
Tˆ± = −1
2
αTˆ |α=± = 1
2
(
1∓ κˆ pˆ
iΣi
ωˆ
)
, (19)
which commute with Jˆµν , we can represent the Jˆµν operator in the form
Jˆµν = Tˆ+Jˆ
µν + Tˆ−Jˆ
µν = Tˆ+Jˆ
µν Tˆ+ + Tˆ−Jˆ
µν Tˆ−, (20)
5
which reflects the property of the reducibility of the representation of the Lorentz group
for m = 0.
As it was already mentioned above, the operators Tˆµ will be used to impose conditions
on the physical state vectors. For the D–dimensional space–time the state vector in
general has 2D/2 components . Representing the state vector f in the form
f =

 f 1(q)
f 2(q)

 , q = (x0, qi), (21)
where f 1(q) and f 2(q) are 2(D−2)/2 component spinors, we write down the equations for
the state vector in the form:
Tˆ f = 0. (22)
It is natural to interpret the quantum mechanics constructed above as a theory of
Weyl particle in the Foldy–Wouthuysen representation. Indeed, consider the Schro¨dinger
equation (i∂/∂τ − Hˆ)f = 0, which describes the evolution of the state-vector f with
respect to parameter τ . Being rewritten in terms of the physical time x0 = κτ it takes
the form
(i
∂
∂x0
− γ0ωˆ)f = 0. (23)
Applying the unitary Foldy–Wouthuysen transformation for the case of massless par-
ticle in D dimensional space–time
f = Uψ, U =
ωˆ + γipˆi
ωˆ
√
2
, (24)
where ψ is the wave function in the Dirac representation, γµ = (γ0, γi) are Dirac γ– ma-
trices in D = 2n–dimensional space–time, we find [17, 18] that the Schro¨dinger equation
transforms into Dirac equation, the expressions for the Lorentz generators Jˆµν trans-
form into standard expressions for the Lorentz generators in the Dirac representation.
Furthermore, by direct calculation one can prove that the operator
Tˆ ≡ TˆFW = γ0 pˆ
iΣi
ωˆ
− α (25)
6
transforms into the TˆD operator
TˆD = U
+TˆFWU = γ
D+1 − α, (26)
where γD+1 is the analogue of Dirac γ5–matrix in dimensions D = 2n. One can see, that
operator TˆD is proportional to a standard Weyl projector in the Dirac representation.
Thus we see that the quantum mechanical description constructed here after the
Foldy–Wouthuysen transformation turns into the Dirac description of the Weyl parti-
cle. Hence the above constructed quantum mechanics describes the Weyl particle in the
Foldy–Wouthuysen representation.
3 Quantum mechanics of Mayorana–Weyl spinor
Now we will proceed with the construction of the pseudoclassical theory of Mayorana–
Weyl particle. Note, that the action (1) is invariant under the transformations
xµ(τ) → xµ(−τ), ξµ(τ)→ ξµ(−τ), ξD+1(τ)→ −ξD+1(−τ),
χ(τ) → χ(−τ), e(τ)→ e(−τ), bµ(τ)→ −bµ(−τ), i→ −i, (27)
which correspond to the reparametrization τ → −τ . This transformation was not in-
cluded in the gauge group in the previous section. In that case the model describes the
charged particle and in the gauge x0 − κτ ≈ 0 the trajectories with κ = +1 are inter-
preted as trajectories of particles and those with κ = −τ as trajectories of antiparticles.
The switching on of the external electromagnetic field confirms this assertion since to
the trajectory with a given κ corresponds a particle with a charge κe [17] and the action
isn’t invariant under the transformation τ → −τ . When the action is invariant under the
transformation τ → −τ , there is a possibility of another interpretation. We can identified
the trajectories with κ = +1 and κ = −1. This is equivalent to the introduction of the
reparametrization τ → −τ in the gauge group [17] and then the theory describes the
truly neutral particle.
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Thus to describe Mayorana–Weyl spinor we enlarge the symmetry group of the action
(1), given by the gauge transformations (2)–(4), by the transformation (27) and will
choose for ΦG1 (see.(9)) the constraint Φ
′G
1 = x0 − τ .
Formally this means that now we must take all equations of the previous section for
the value of κ = +1. The wave functions described now by a 2(D−2)/2 column f = f 1.
The hamiltonian is equal to H = ωˆ and the realization of the operators xˆi, pˆi, ξˆ
i are
given by (13) with κ = +1.
Now with κ = +1 the expression for operators Tˆ and Jˆµν take the form
Tˆ (κ = +1) ≡ Tˆ = −2αPˆα, Pˆα = 1
2
(
1− αpˆ
iσi
ωˆ
)
, (28)
Jˆ ik(κ = +1) ≡ Jˆ ik = −qˆipˆk + qˆkpˆi − ih¯
4
[
σi, σk
]
−
,
Jˆ0k(κ = +1) ≡ Jˆ 0k = −x0pˆk − 1
2
[
qˆk, ωˆ
]
+
− ih¯
4ωˆ
pˆj
[
σk.σj
]
−
. (29)
where we introduced the projectors Pˆα =
(
Pˆ+, Pˆ−
)
.
As it was pointed above, the operator Tˆ commutes with generators Jˆµν for all D–s,
and hence the operator Pˆα commutes with generators Jˆ µν . From this follows, that Jˆ µν
can be represented in the form
Jˆ µν = Pˆ+Jˆ µν + Pˆ− ˆJ µν = Pˆ+Jˆ µνPˆ+ + Pˆ− ˆJ µνPˆ−. (30)
This again is a reflection of the fact, that the corresponding representation of the Lorentz
group is reducible.
Now the condition (22) for the definite value of the α takes the form
Pˆαf
1 = 0. (31)
Since, as it is known, pˆiσi/ωˆ is operator of chirality, the condition (31) extracts from
f 1 the state with one value of chirality equal to α.
Thus we have constructed in any even–dimensional space–time the quantum mechan-
ics of the system, describing a neutral particle (the antiparticle coincides with the parti-
cle) which has one value of chirality (equal to α). It is natural to call it Mayorana–Weyl
particle.
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Let us turn now to the clarification of the relation of the description of the Mayorana–
Weyl particle constructed here to the Mayorana–Weyl particle in the Dirac picture, which
exists only in the dimensions D = 2(mod 8) [27]). We will consider, for definiteness, the
space–time dimension D = 10.
Let us write the explicit representation of γ –matrices for D = 10
Γ0 =

 I 0
0 −I

 , Γi =

 0 σi
−σi 0

 , Γ11 =

 0 I
I 0

 , (32)
where the matrices σi are given by the expressions
σ1 = iγ2 ⊗ γ5, σ2 = iγ1 ⊗ I4, σ3 = γ5 ⊗ I4, σ4 = iγ3 ⊗ I4,
σ5 = iγ2 ⊗ γ0, σ6 = γ2 ⊗ γ1, σ7 = γ2 ⊗ γ2, σ8 = γ2 ⊗ γ3, σ9 = γ0 ⊗ I4. (33)
Here γ5, γµ (µ = 0, 1, 2, 3) are usual Dirac γ– matrices, I4 is the unit 4⊗4 matrix. The σi
matrices have the properties, which can be easily deduced from the representation (33):
σi
T
= (−1)i+1σi, σi∗ = (−1)i+1σi, σi+ = σi. (34)
It’s convenient to represent Γ matrices as a direct product of a matrices of lower dimen-
sions:
Γ0 = τ 3 ⊗ I4 ⊗ I4, Γi = iτ 2 ⊗ σi, i = 1, . . . , 9, Γ11 = τ 1 ⊗ I4 ⊗ I4 (35)
where τ 1, τ 2, τ 3 are Pauli matrices.
The properties of Γ matrices
(
Γ0
)−1
= Γ0,
(
Γi
)−1
= −Γi, (Γ11)−1 = Γ11,
(
Γi
)T
= (−1)iΓi (36)
can be easily deduced from (35) using (34). Write down the expression for the matrix
M ≡ CΓ0 (C is the charge conjugation matrix), which is the same in both Dirac and
Foldy–Wouthuysen representations:
M = Γ2Γ4Γ6Γ8Γ11 = τ
1 ⊗ Λ, Λ = I2 ⊗ τ 2 ⊗ I2 ⊗ τ 2. (37)
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Consider now the equation (31)
(
pˆiσi
ωˆ
− α
)
f 1 = 0 (38)
the solution of which is a Mayorana–Weyl spinor in D = 10 dimensions in quantum
mechanics. Let us write the analogues of equations (38) for the complex conjugated
spinor f 1∗. Taking into account the relation pˆ∗µ = −pˆµ (pˆ+µ = pˆµ) we have(
pˆiσi∗
ωˆ
− α
)
f 1∗ = 0 (39)
Using the relation
Λσi
∗
= σiΛ, (40)
which can be easily checked by direct calculations and commuting Λ with the operators
acting on f 1 in equation (39) we find
(
pˆiσi
ωˆ
+ α
)
(Λf 1∗) = 0 (41)
The equations (38) and (41) may be written in the equivalent form
Tˆ fM = 0, (42)
where Tˆ is given by (15) and the notation
fM =

 f 1
Λf 1∗

 (43)
was introduced. It can be proved, that the existence of a real matrix Λ with the property
(40) singles out in QFT the space–time dimensions D = 2(mod 8) [27].
The fM defined by (43) is just a Mayorana bispinor in the Foldy–Wouthuysen repre-
sentation. In fact, writing down the condition for the Mayorana bispinor f
f = fC =Mf ∗ (44)
we find, that the spinors, satisfying (44) , have the form of (43).
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The equation (42) corresponds to equation (22) which, as it was found in the previous
section, are Weyl conditions on the Mayorana spinor in the Foldy–Wouthuysen represen-
tation. Furthermore, the Schro¨dinger equation for fM has the form of (23). The Lorentz
generators for fM can be constructed through the generators (29) for the f
1 using the
relation
iJˆ µν(κ = −1) = −iΛJˆ µν∗(κ = +1)Λ. (45)
Direct calculations of the right hand side of the (45) using (40) shows that the
Jˆ µν(κ = −1) coincides with Jˆµν(κ = −1), which ensures the Lorentz covariance of May-
orana bispinor (43).
Thus using the quantum mechanical column f 1 we constructed the Mayorana –Weyl
bispinor in the Foldy – Wouthuysen representation.
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